Electron density differences resulting from atom displacement patterns aligned with phonon modes in MgB 2 have been calculated using density functional theory (DFT). The extent of phonon anomalies, identified as indicators of the superconducting transition temperature, T c , under a range of conditions in AlB 2 -type structures, reduce as boron atoms are displaced from their equilibrium positions along E 2g mode directions. The Fermi energy for displacements along the directions of the E 2g phonon mode accounts for changes in the covalent B−B bond electronic charge density. We applied differential atom displacements to show that the shifted σ band structure associated with the light effective mass became tangential to the Fermi level and that the Fermi surface undergoes a topological transition at a critical relative displacement of ~0.6% of the boron atoms from equilibrium. The difference in Fermi energies at this critical displacement and at the equilibrium position correspond to the superconducting energy gap. The net volume between tubular σ surfaces in reciprocal space correlated with the depth of the phonon anomaly and, by inference, it is a key to an understanding of superconductivity. This ab initio approach offers a phenomenological understanding of the factors that determine T c based on knowledge of the crystal structure.
Introduction
Density Functional Theory (DFT) offers an effective alternative to solution of a we explore these variations of modes with inter-bond distance which we show corresponds to effects of temperature.
Recently, deformation potentials have been used in McMillan equations to explain the effects of structural parameters on the T c of MgB 2 and substituted forms [7] [8] . The McMillan equation determines reasonably well the T c of known superconductors based on normal state parameters [8] [10] [13] . This fact offers hope that standard DFT may provide all the necessary characteristics of a superconducting material based only on knowledge of the crystal structure [14] . However, the temperature dependencies of T c estimates using McMillan equations are often not identified in preference to comparisons of the electron density of states for different related structures [7] [8] . For example, recent attempts to identify thermal effects on superconductivity from lattice vibrations invoke zero point lattice fluctuations [15] without consideration of increased amplitude of vibration for temperatures above 0 K.
We now extend these concepts and, in taking a lead from the early work of An and Pickett [2] , use DFT calculations to examine the deformation of specific atomic bonds or their charge distribution relevant to particular vibration modes within a structure. We also make an explicit correlation of the increased amplitude of vibration expected as a function of temperature for different phonon modes. In this work, we show that such an approach using ab initio DFT methods is an effective way to visualise the transition to superconductivity in MgB 2 .
In addition, we use this approach to re-examine the effects of displaced atom positions that align with key phonon vibration modes on the electronic properties of MgB 2 . We utilize this technique to identify specific response(s) of electron density to these atom displacements and relate these effects to changes in the Fermi energy and Fermi surface of MgB 2 . These changes, explicitly determined using DFT calculations, explain variations of the depth of phonon dispersion (PD) anomalies with strong correlation to T c [5] [6] , directly influence superconductivity and establish a direct connection to variations in temperature.
While these correlations are exemplified for MgB 2 in this article, we submit that this phenomenological approach is applicable across a broad range of compounds.
Computational Methods
DFT calculations are undertaken using the CASTEP module of Materials Studio 8.0, using the linear response method from this software suite [16] [17] . The linear response within the Local Density Approximation (LDA) and Generalized Gradient Approximation (GGA) with norm-conserving pseudo-potentials, a plane-wave basis set and a dense k-grid provide the most consistent model outcomes for the MgB 2 structure [4] [5] [6] . Calculations are undertaken with a High-Performance Computing (HPC) facility, using numbers of cores which are multiples of the k grids defined in the reciprocal a* and b* directions of the ; maximum stress at 0.02 GPa and maximum atom displacement at 5 × 10 −4 Å.
For unit cell calculations on MgB 2 with P6/mmm symmetry, lattice parameters a = b = 3.085 A and c = 3.523 A are used as input values [9] [18] [19] . For electronic band structure calculations, the computation time is significantly shorter than that required for PD calculations [5] . Therefore, higher resolution grids (i.e. for k-grid separation Δk < 0. Materials Studio 8.0 allows for the determination of electron density differences and electron localization functions by selecting appropriate options in the set-up for each calculation [17] . Materials Studio provides the option of generating the electron density difference in two different ways: 1) to calculate electron density differences with respect to a linear combination of the atomic densities or 2) to calculate the electron density differences with respect to a linear combination of the densities of sets of atoms contained in the model. Alternatively, the program provides for both approaches to be selected simultaneously.
For this work, electron density differences are calculated with respect to a linear combination of the atomic densities. For the initial structural model, geometry optimization is undertaken as reported previously [4] [5]. However, for subsequent calculations in which an atom displacement position is assumed, further geometry optimization is not undertaken. In this way, a frozen picture of the electron distribution at an intermediate position of the particular phonon mode is created. We have evaluated displacement patterns corresponding to the A 2u , E 1u and both E 2g modes, as described by Kunc et al. [10] . For the E 2g modes, these displacement patterns predominantly involve boron atoms in the a-b plane.
With displaced atom positions frozen in place, electronic band structures are calculated using the selected configuration with appropriate consideration of structural symmetries invoked by the displaced atom positions. By constraining these atom positions to a new symmetry condition, the computation is simplified and the calculation time is reduced. We have demonstrated in earlier work [5] [6] [7] that comparison of models using the LDA and GGA functionals provides an excellent measure of internal consistency for AlB 2 -type structures and a source of error estimates for a generic model.
In order to calculate the phonon dispersions (PD's) for displaced positions of boron atoms, geometry optimization is required, and may be limited to atom projections without changing lattice parameters. To prevent geometry optimiza- 
Modelling Results
We present modelling outcomes in the following sections that analyse the impact of atom displacement on phonon modes and on band structure. Section 3.1 identifies the phonon modes that produce electron density differences as a result of an induced "frozen" displacement pattern. The modes that induce electron density differences are described in detail in Section 3.2 through effects on the electronic bands with increased atom displacement from an equilibrium position. We briefly describe the influence of these atom deformations on Fermi energies and their surfaces. Finally, Section 3.3 confirms that at an appropriate displacement from equilibrium, the phonon anomalies collapse with clear implications for the Fermi surfaces and, by inference, for superconductivity of MgB 2 .
Electron Density
As noted, the choice of iso-value greatly influences the visual representation of electron density differences and the electron localization function. Furthermore, to illustrate the influence of atom displacement, we show in Figure 1 For each calculation represented in Figure 1 , the iso-value is kept constant in order to avoid introducing secondary effects on these results. shows the in-plane symmetry of MgB 2 is similar to that in Figure 1 (a). To illustrate the effect of an incremental increase or decrease in B-B bond length due to incremental displacement of atoms along an E 2g phonon mode, Figure 4 shows the resulting electron density differences in a series of single unit cells with superimposed electron density differences (in light blue) and localization functions (in dark blue) using the same iso-value (e.g. 0.15) as in Figure 1 .
Scrutiny of the series of relative displacements in Figure 4 shows that there is an asymmetric arrangement of the electron density differences and the electron It is clear from the above analyses that the E 2g modes are the only modes to generate observable modulated electron density differences within the boron plane. This modelled outcome is consistent with previous experimental data and calculations that show the E 2g mode is strongly electron-phonon coupled and a key enabler of superconductivity in MgB 2 . These electron density differences produce bond charge modulations which have super-lattice periodicities with respect to the original MgB 2 crystal. These changes reflect the effects of mobile electronic charge response along the bond direction(s) due to the changes in interatomic attractions and/or repulsions from atomic displacements induced by the E 2g phonons (see Discussion).
Band Structures
We have evaluated the influence of atom displacements-using similar parameters as in Section 3.1-on the electronic band structure of MgB 2 . Figure 
Fermi Energy
We determine the calculated Fermi energy for each model of MgB 2 with a specific deformation potential using the LDA and the GGA functionals. As is well known, the Fermi level (and energy) represents the most energetic valence electrons at 0 K which, for bands of metallic behaviour, may participate in electron transport. Only these electrons with energies within a range of k B T, where k B is lengths and Fermi energy determined with the LDA functional for a range of atom displacements and for a lattice expansion of 1.006x in Table 1 . This factor of 1.006x is an approximation to an isotropic expansion of the entire lattice (or unit cell) equivalent to ~40 K. In contrast, an expansion factor of 1.000x
represents lattice parameters optimised for absolute zero temperature. 
Fermi Surface
The widely accepted topology of the MgB 2 Fermi surface consists of coaxial, nearly parallel "tubular" sections for σ bands in the c axis direction and three dimensional interconnected bands [27] . These tubular sections resemble an hourglass shape and are also referred to as warped cylinders [28] . Fermi surfaces provide a three dimensional, iso-value representation in reciprocal space of the Fermi energy. We have calculated the changes in Fermi surface for MgB 2 with Modeling and Numerical Simulation of Material Science incremental increase in atom displacement from the equilibrium position. These Parallel warped tubes coaxial with the z-direction shown in Figure 7 (a) correspond to the heavy (outer tube) and light (inner tube) effective mass σ bands. The light effective mass σ band displays a topological transition to separate paraboloid sections facing in opposite directions (Figure 7(d) ) as the B-B distance is gradually increased (or decreased) about 0.6% in relative coordinates. Other Fermi surfaces near the surrounding Brillouin zone boundaries do not change significantly and correspond to the π bands.
Phonon Dispersions
We have utilized the phonon dispersion (PD) in previous computational analyses to illustrate the strong link between optical phonon behaviour and band structure in MgB 2 [5] . We have also shown that the depth of the PD anomaly Figure 8 the influence of incremental atom displacements on specific phonon modes. As noted in earlier work, PD calculations are computationally intensive [5] [7] . Hence, this evaluation of atom displacements is performed using the LDA functional with fewer sampling points and limited reciprocal space directions (e.g. along G−M, G−K and G−A only). Figure 8 shows the changes in PD modes for G−M and G−K reciprocal directions with particular emphasis on the E 2g phonon with increase in relative atom displacement from the equilibrium position. Figure 8 shows significant change in the form of the E 2g phonon anomaly with increased atom displacement from equilibrium and an increase in energy of one of the degenerate modes at G. At large atom displacement (e.g. D x = 0.008; Figure 8(d)) , the E 2g phonon anomaly (below the B 2g mode) is absent and the order of modes (i.e. relative energy or frequency) is reversed between the B 2g and E 2g phonons. Evaluation of the band structures in Figure 5 shows a corresponding change in form of a σ electronic band branch which shifts below the Fermi level.
This feature also corresponds with changes in the Fermi surface as shown in Figure 7 where, at relative displacement D x = 0.008, the surface becomes two separate paraboloids. These computational outcomes further confirm the strong link between the electronic bands, Fermi surface nesting and the depth of the PD anomaly. These inter-relationships are clearly associated with the superconducting transition temperature for AlB 2 
Discussion
In earlier publications, we utilize ab initio DFT to recognize the shape and extent of the E 2g phonon anomaly in MgB 2 [4] [5] as well as in metal-substituted MgB 2
[5] [7] and MgB 2 under the influence of hydrostatic pressure [6] . In each of these studies, we compare computational outcomes with experimental data to show that the phonon dispersion (PD) is an effective tool for recognition of a phonon anomaly and that the thermal energy of this anomaly is correlated with the experimentally determined value of T c for the superconducting transition of MgB 2
compounds. This approach-based primarily on calculated PDs-is extended to other AlB 2 -type compositions [5] and is also the basis for prediction of new compounds that are likely to be superconductors [5] [7] .
As is well-known, a strong crystallographic link exists between band structure calculations and PD models based on DFT. This link between phonon behaviour and electronic band structure requires fine k-grid resolution and thus high computational cost to elucidate PD data [5] [7] . However, MgB 2 offers an ideal structural format to highlight this link between electron and phonon behaviour consistent with the well understood view of electron-phonon coupling as key to conventional superconductivity [30] . A connection between the E 2g phonon and the Fermi surface as well as components of the E 2g phonon anomaly with the band structure at or near G is described for MgB 2 [5] [6] and more recently, elucidated by experiment [31] using Inelastic X-ray Scattering (IXS). In this work,
we elaborate further on the interaction between the electronic band structure and phonon behaviour of MgB 2 , in particular, as revealed by electron density difference distributions in response to deformation potentials.
Fermi Energy
Born and Oppenheimer introduced the adiabatic approximation, in which electrons are expected to move much faster than heavier nuclei, allowing for a very rapid redistribution of electronic charge, every time a nuclei undergoes movement [32] [33] . This assumption allows for substantial separation of nuclear and electronic coordinates while solving the Schrodinger equation [33] . As pointed out by Boeri et al. [34] , the Born-Oppenheimer approximation is implicitly assumed in DFT, whereby the electron density distribution can be calculated for each ionic configuration. According to Uchiyama et al. [35] the close agreement between DFT calculated electronic bands and Angle Resolved Photoemission (ARPES) data up to binding energies as high as 2.5 eV suggests that electronic correlations in MgB 2 are unimportant. As a result, they contend that this material is well described by conventional band theory [35] .
Boeri et al. [34] argue against the validity of the adiabatic approximation for MgB 2 , based on an abnormally small (~0.5 eV) Fermi energy (E F ) calculated for the σ bands, assumed to be of the same order as the highest phonon energies. However, the Fermi energy assigned by Boeri et al. [34] 
Fermi Surfaces, Phonons and Gap Values
The Fermi surface separates the filled electronic states from the empty electronic states in three-dimensional reciprocal space at absolute zero temperature [39] .
The widely accepted topology of the MgB 2 Fermi surface consists of coaxial, nearly parallel "tubular" sections for σ bands in the c axis direction [27] . The . We suggest that this dilemma is, in practical terms, resolved via the schematic shown in Figure 9 for the coaxial σ Fermi surfaces of MgB 2 . In this schematic, we neglect the warping of the σ Fermi surfaces as previously described [6] .
In the reduced zone scheme of the Brillouin zone, the inter-tube volume is an important region where levels close to the Fermi energy with identical k-vectors plus or minus a reciprocal space G vector (and similar energy) show filled character relative to the light effective mass, but an empty character relative to the heavy effective mass [6] . We assume that a reduced zone representation, in essence, aggregates tubes of different diameter that occur at different places in an extended Brillouin scheme, connected by reciprocal space G vectors. Therefore, we infer that an extended zone scheme explicitly manifests a resonating behaviour between the tubes at different reciprocal space locations (shown in Figure 9 ) [6] and may be a more appropriate representation of these states compared with a reduced zone schematic.
We have previously shown that the apparent inter-tubular volume controls the depth of the phonon dispersion anomalies in AlB 2 -type structures [5] [7] .
We have also demonstrated a correlation between a temperature associated with the PD anomaly (i.e. T δ ) and T c , and, as an extension of this phenomenom, propose that this inter-tubular volume is a key region in reciprocal space for superconductivity. As pointed out by Geballe et al. [3] , T c itself and its response to controlled changes in external parameters, often help reveal the responsible mechanisms for superconductivity. Given the excellent correlation between the depth of PD anomalies, Fermi surfaces and T c , it appears that useful insights on superconducting mechanisms are hidden within these inter-tubular Fermi surface constructs. The form of parallel Fermi surfaces shown in Figure 9 (and, more precisely, in Figure 7 ) are similar to the ideas and figures discussed by Bardeen ( Figure 1 in ref [41] ). In Bardeen's article, a shell structure around the Fermi surface is curves [4] , and the dependence of the Fermi energy on the relative atom displacement shown in Figure 6 reflects this duality. The E 2g frequency of the appropriate branch increases as the B-B distance is displaced from the equilibrium position. The simultaneous drop in the Fermi energy seems to account for the energy that is passed onto the generated phonons, as a result of an electron jumping to alternative bonds responsible for the modified electron density differences (see Figure 4 and Figure 6 ). In the PD, this manifests as a higher E 2g frequency with an associated reduced PD anomaly. Once the displacement exceeds the "gap" limit, it will generate such energetic phonons that other modes become involved and the system cannot maintain coherency. A mechanical analogy to this condition is as if a natural spring is overstretched and then released, causing a disturbed movement back to the equilibrium position.
Dynamic Fermi Surfaces and Bond Charge Modulations
A schematic of the bond charge modulation pattern in the boron plane of MgB 2 is shown in Figure 10 . The charge modulation has a complex pattern that only appears as the atoms deviate from their equilibrium positions. As the restoring forces bring atoms back to their equilibrium positions, the modulated charge pattern disappears. The dynamic origin of the bond charge modulation observed in MgB 2 may be different to that of a standard charge density wave (CDW) because of the specific crystallography of the structure. The restoring forces from phonons or lattice vibrations are poised to re-equilibrate geometrical and electronic structures to no modulation. For motion in the reverse direction, a new electron density difference is generated and then disappears in a resonant fashion. In a CDW, charge modulation is expected to be more persistent or permanent, since its manifestation is more prevalent as determined via a wide range of experimental characterization techniques. Nevertheless, this work may shed light on geometrical relationships between nesting vectors (in reciprocal space) and bond charge modulation (in real space) [44] . 
Temperature Dependent Mechanism
Two of the most direct manifestations of temperature effects on the geometrical structure that can be measured are the thermal expansion and the temperature dependence of lattice parameters. Both thermal expansion and changes in lattice parameters with temperature have been investigated for MgB 2 [45] [46] [47] [48] [49]. Thermal expansion is modest or even negative before and soon after the superconducting transition temperature, but develops a much sharper and linear increase at higher temperatures. The change in lattice parameters with temperature follows a similar pattern. Detailed neutron refinement investigations by Jorgensen et al. [45] , provide Debye Waller factors and mean square atomic displacements over a wide temperature range for MgB 2 .
Our atom displacement calculations impose an increasing change in the B-B inter-bond distance from the equilibrium distance. This approach indirectly mimics the effect of increased temperature on this inter-bond distance. [45] . This consistency between theory and experiment further supports our suggestion that these calculated effects are directly linked to temperature.
A critical, and perhaps unique, aspect of superconductivity in MgB 2 is that electron density differences and phonon modes are largely confined to the a-b
plane. This configuration allows a direct correlation of DFT calculations to key properties in the structure. This computational approach highlights that the electron density difference responds to increased atom-atom repulsion as the distance between atoms is reduced. As a result, an increased electronic bond charge is required to minimize the overall energy. These bond charges are localized along the highly covalent inter B−B bond distances, and along with a phonon mode that is oriented along the same direction, seem to moderate the correlation. The proportion of transferred charge density directly affects the Coulomb repulsions and can translate into a net force change. This net force is related to a change in the magnitude of the phonon frequency.
We note that other, more complex structures may not show phonon modes with movement aligned to a specific inter-bond distance. In such a case, more than one phonon may influence electron density differences for a particular bond direction with resulting complex patterns of electron density differences and phonon displacements. In addition, magnetic interactions may also add to the force constants with consequent influence on interatomic distances and displacement patterns. Not all of the structures will exhibit a situation equivalent to the important interplay of approximately parallel σ bands and maintain coherency as electron density differences minimize the energy in response to the atom movements along specific phonon modes. However, the existence of parallel tubular Fermi surfaces, coaxial in a reduced Brillouin zone scheme, is ubiquitous to all layered superconductors. This phenomenom may hide important information about superconductivity which may require disaggregation to improve our understanding for effective materials design. Given the accurate validation of these calculations for a range of external conditions, we propose that this approach may be valid for many other examples of superconductivity.
Conclusions
The Fermi energy of the valence electrons in MgB 2 is sufficient to justify the adiabatic or Born-Oppenheimer approximation in quantum mechanics calculations for MgB 2 . In this work, we present a model that identifies the distribution of electrons and empty states on the MgB 2 Fermi surface and, through this, a mechanism associated with the inter-tubular volume between the σ Fermi surfaces that tracks the onset (or demise) of superconductivity.
The net volume enclosed between the parallel heavy and light effective mass σ
Fermi surfaces when represented in the reduced Brillouin zone is an important region of reciprocal space for superconductivity. This region, when represented in an extended zone (e.g. Figure 10 ; [6] ) is suitable for a resonant interaction The dynamic character of the Fermi surface is not only important for an understanding of superconductivity, but also for many other electronic properties.
Earlier studies using McMillan equations, invoked normal state parameters to explain or predict T c , and, consistent with this, DFT is a tool that provides all necessary information to understand superconductivity in AlB 2 -type structures.
Phonon dispersion (PD) calculations shown in this work linked to band structure calculations via DFT, is an effective, reliable and consistent method to accurately determine a temperature strongly correlated with the superconducting T c of an AlB 2 -type material from knowledge of the crystal structure.
